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SOME NOTES ON RELATIVELY COMPACT SUBSETS
OF FUZZY SETS

YuN Kyonce KiM* AND Joo-Mok Kiv**

ABSTRACT. In this note, we deal with some characterizations of
relative compactness on the L, metric space of fuzzy sets. And then,
we point out that a characterization of relative compact subsets of
fuzzy numbers with sendograph metric can be improved.

1. Introduction

The metric in a space of fuzzy sets plays an important role both
in the theory and in its applications. There are various useful metrics
defined on the fuzzy number space E" of normal, upper-semicontinuous,
compact-supported and convex fuzzy subset of n-dimensional Euclidean
space R". The readers may refer to [2] for supremum metric, sendograph
metric and Ly,-metric, and refer to [7] for Skorohod metric.

It is well-known that E™ is complete and separable if it is equipped
with the metric except L,-metric. Characterizations of compact subsets
of E" equipped supremum metric, sendograph metric and the Skorohod
metric were given by Greco [5], Greco and Moschen [6], Greco [4], Wu
and Zhao [11], Joo and Kim [7], respectively.

However, it is known that E™ is separable but not complete with re-
spect to the L,-metric. Because of this fact, compactness criteria in the
space E" equipped with the L,-metric is given by a little complicated
form. A characterization of compact subsets of the space E" equipped
with the Ly-metric was firstly given by Diamond and Kloeden [2]. Later
on, Ming [10] indicated an error of [2] and suggested a modified charac-
terization of compact sets. Wu and Zhao [11] gave an counter-example
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which shows that the modified characterization in [10] is incorrect, and
established correct characterization.

For relative compactness with respect to sendograph metric, Fan [3]
characterized relative compact subsets of E', Greco [4] generalized the
result of Fan [3] to arbitrary metric space. And then, Zhao and Wu [12]
gave a new characterization of relative compact subsets of fuzzy sets in
R™.

In this note, we first discuss with relative compactness on L, metric
space of fuzzy sets, and then point out that a new characterization
of relative compactness with respect to sendograph metric obtained by
Zhao and Wu [12] can be improved.

2. Preliminaries

Let K(R™) denote the family of all non-empty compact subsets of the
n-dimensional Euclidean space R" with the usual norm |-|. Then the
space K(R"™) is metrizable by the Hausdorff metric h defined by

hA,B) = inf |a—b|,sup inf |a— b|].
(A, B) maX[zlelg inf |a |§gbl3 inf la—b]

The norm of A € K(R") is defined by
IA[l = h(A,{0}) = sup |al.
acA

It is well-known that K(R") is complete and separable with respect to
the Hausdorff metric h. Also, if we denote by K.(R") the family of
all A € K(R™) which is convex, then K.(R") is a closed subspace of
(K(R™), h).

Let F(R") denote the family of all fuzzy sets u : R™ — [0, 1] with the
following properties;

(i) u is normal, i.e., there exists z € R™ such that u(z) = 1.

(ii) Lou = {x € R" : u(z) > a} is a compact subset of R™ for each
O<a<l.

Lou is called the a-level set of u. We denote by F.(R") the family of
all u € F(R™) which is convex, i.e., u(Az + (1 — N)y) > min(u(z), u(y))
for all z,y € R and 0 < A < 1. Then u € F.(R") if and only if
Lou € K (R") for each 0 < oo < 1.

Also, we denote by Foo(R") (resp. F.oo(R"™)) the family of all u €
F(R") (resp. F.(R"™)) with compact support, i.e.,

Lou = {z € R" : u(x) > 0}
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is compact, where A denotes the closure of A with respect to the usual
norm in R". Briefly, F. . (R") is denoted by E" and a member of E" is
called a fuzzy number.

The uniform metric do on Foo(R™) is defined as usual;

doo(u,v) = sup h(Lqu, Lav).
0<a<l

Also, the norm of u is defined as

lull = doo(u,0) = || Loul| = sup ||,

z€Lou

where 0 denotes the indicator function of {0}.
Another metrics on Foo(R™) can be defined as follows;

1
dp(u,v) = (/ h(Lau, Lov)P do) P, 1 < p < 00
0
D(u,v) = h*(send(u), send(v)),

where send(u) = {(z,a) € R" x [0,1] : * € Lou and u(x) > a} is the
sendograph of w and and h* is the Hausdorff metric metric on R"™ x [0, 1].

The metrics dj, and D are called the L,-metric and sendograph metric,
respectively. Relations for convergence of fuzzy sets with respect to these
metrics can be found in Diamond and Kloeden [2].

3. Results

We first discuss with the relative compactness on (Foo(R"),d)p). As a
matter of fact, Wu and Zhao [10] characterized the relative compactness
on (E",dy,). Their result is also valid in the case of (F(R"),dp). To

review the result, let us denote u(™ = uly, ., ie.,

, Jou(z) i wu(x) >
u(z) = { 0 if  wu(z) <,

forue F(R") and 0 <r < 1.

Then the result of Wu and Zhao [11] can be modified as following;

THEOREM 3.1. U C Foo(R") is relatively compact in (Fo(R"™),d,)
if and only if

(3.1) U is uniformly p-th mean bounded, i.e., sup,cyr fol | Laul|P do <
0.
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(3.2) U is p-th mean equi-left-continuous, i.e.,

1
lim sup/ h(Lau, Lo—su)? da = 0.
0=0ueU Js

(3.3) Let {r;} be a decreasing sequence in (0, 1] converging to 0 and {uy}
be a sequence in U such that {u,(c”)} converges to vy, € Foo(R")

in d, for each r;. Then there exists a v € Foo(R"™) such that
Lov = Loy, for all a € (r;,1] and all r,

In fact, (3.3) is necessary because (Foo(R"), dp) is not complete. First
we show that (3.3) is equivalent to that the closure of U/ in (Fo(R"), d;)
is complete. To this end, we concern about the completion of (Fo (R"), dp).
It is trivial that such a completion exists by well-known facts in Analy-
sis. Related to this problem, Kraschmer [9] dealt with completion of E™
with respect to the L,-metric by introducing the notion of support func-
tion for noncompact fuzzy number, and Degang et al. [1] proposed the
completion of E! with respect to the Li-metric by using representation
theorem of noncompact fuzzy number in R. But these approaches are
available only if we assume the convexity condition. Nevertheless, sim-
ilar results can be obtained in a direct manner. To describe the result,
let F,(R"™) (resp. F.,(R")) be the family of all fuzzy sets u € F(R")
(resp. F.(R™)) such that

1
/ | Laul|P da < o0,
0

for 1 < p < oco. Then it is obvious that the d, on F,(R") satisfies the
axioms of metric.

THEOREM 3.2. The followings are true.

(1) ( p(R"),dy) and F.,(R"™)) are complete.
(2) F (R”) is the completion of (F (R”),dp).
(3) Fep(R™)) is the completion of (E™,dp).

Proof. The proof of (1) refer to Kim [8].
(2) Let u € Fp(R™). Then ull/¥) € F(R") for each k = 1,2,... and
dy(u, u*)) = 0 as k — oo,

which implies that Fo(R") is a dense subspace of (F,(R"),d,). This
completes the proof. Similarly, (3) can be proved. .

From the fact that (Foo(R"),d,) is separable, we can obtain the fol-
lowing.
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COROLLARY 3.3. (F,(R"),d,) is separable.

Now we can prove the following.

THEOREM 3.4. Let U be a subset of (Foo(R"),dp).
Then U is complete if and only if (3.3) is true, where U is the closure of
U in (Fo(R"),dp).

Proof. Suppose that (3.3) is true and {uy} is a Cauchy sequence in U.
Then by completeness of (F,(R"),d,), there exists a u € Fy(R™) such
that d,(ug, u) — 0. Then there exists a decreasing sequence {r;} in (0, 1]
converging to 0 such that for each r;

h(Ly,ug, Ly,u) = 0 as k — oo,

which implies

1
dp(ug"),u(”)) < rl-l/ph(L”uk, L,u)+ (/ h(Laug, Lauw)? do)/? — 0.
ri
By assumption (3.3), there exists a v € Foo (R") such that Lov = Lou(™)
for all @ € (73, 1] and all ;. This implies that u = v, and so u € F(R").
Hence, U is complete.

Conversely, suppose that that I/ is complete. Let {r;} be a decreasing
sequence in (0, 1] converging to 0 and {ux} be a sequence in U such that
{ugi)} converges to vy, € Foo(R") in d), for each r;.

Let k1 < ko < ... be a sequence of natural numbers such that

r 1
dp(ufgl),vm) <z for k> k.

Then by Minkowski’s inequality, we have

1
( / h( Loy, , Loy, )P do)'/P
T

1 1
é (/ h(LauknL’ Lavri)p da)l/p + (/ h(LOlukl ’ Lavri )p da)l/p
< dp(u,(gz), vy;) + dp(ug"),vri)
2
< z for m,l > 1.

This implies that {ug, } is a Cauchy subsequence of {uy}. Since U
is complete, {ug,, } converges to v for some v € U. Then by the same
arguments in the proof of Theorem 3.2 in Wu and Zhao [10], we can
obtain Lov = Lyvy, for all « € (74, 1] and ;. d
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Now we deal with the characterization of relative compactness in
(Fp(R"™),dp) in a similar form as in Theorem 3.1.

THEOREM 3.5. Let U be a subset of (F,(R"),d,),1 < p < oco. Then
U is relatively compact if and only if (3.1) and (3.2) are true.

To prove this, we need the following lemmas.
LEMMA 3.6. (3.1) implies sup,cy || Lou|| < oo for each 0 < a < 1.

Proof. If sup, ¢y || Lgu|| = oo for some 0 < 8 < 1, then for any positive
natural number k, there exists ui € U such that

ILgur| > k/BY?.
Then

Y

1 B8
( / |Lawell? da)? > / | Lougll? da)V/?
0 0

v

B
([ /s daytlr <.
0
which contradicts to (3.1). O

LEMMA 3.7. (3.1) and (3.2) imply
hm sup/ | Lou||P da = 0.
0weu

Proof We first note that for 0 < § < %,

)
( / | Lol da)'/?
0

) )
( / W(Lot, Laysu)? da)/? + ( / | Lovssull? da)'/?
0 0

IN

26 26
= (| h(Lau, La_su)? da)"/? + ( / | Laul? do)'/?.
1) 1)

Similarly,

20
( / | Lol da)/?
)

30 30
< (/ h(Lat, La—gu)” da)l/p+(/ I Zaull? da)'/?,
26 26
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and so
)
( / | Lol da)'/?
0

30 30
< (/ (Lo, Lo—su)P da)l/p -+ (/ | Laul|P da)l/p.
o 20

By repeating this process k-times until % < ko< (kE+1) <1, we
can obtain

)
( / |Loull? da)'/?
0

ks (k+1)6
< | / h(Lat, La—su)P do)/P + ( / | Lou|? da)/P
) ko

1
< / h(Lectty Lo—su)? de))/? + 67| Ly yul.
é
Since sup, ey || L1 /2ull < 0o by Lemma 3.6, it follows that

)
sup( / | Lol do)/?
ueld JO

ueU
—0 as 6—0.

1
< sup( /5 (Lot La-su)” o)+ 517 sup Ly au
ue

O
Proof of Theorem 3.5 : (The necessity) Let U be relatively compact.
Then (3.1) follows immediately from the fact that ¢ is bounded in
(Fp(R™),dp). The proof of (3.2) is similar to the proof of Proposition
8.3.3 in Diamond and Kloeden [2].

(The sufficiency) Since (F,(R"),d,) is complete, it suffices to prove
that U is totally bounded.

First we note that (3.1) implies that {L,u : uw € U} is relatively
compact in (K(R™), h) for each 0 < a < 1 by Lemma 3.6 and Proposition
2.4.3 of Diamond and Kloeden [2].

Now let € > 0 be given. By (3.2) and Lemma 3.7, we can choose
6 > 0 sufficiently small so that for all u € U,

9
(3.1) /OHLaqudoz < (e/a)P/4,

1
(3.2) /5 h(Lat, La_su)? do. < (¢/2)P/A.
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Since (K(R"),h) is complete and Ks = {Lqu:u e U,0 < a <1} is
relatively compact subset of (K(R"),h) by the above statement, s is
totally bounded. That is, there exists a finite set By, --- , B;, such that
ifueld,d <a<1l1, then

h(Lqu, B;) < € for some i.

Let 6 = ap < a1 < -+ < o = 1 be a partition of [0, 1] satisfying
a; —a;—1 < 6 for all i. Now let F5 be the family of fuzzy sets v which
there exists a finite unions Ag O --- D A,_1 of sets By,---,B,, such
that

r—1
(@) =Y aiala_p\a, (@) + La,_, (@).
=1

Then Fj is finite. For u € U, we take By, --- , B, so that
h(La,u, B;) < €/2'7Y? for each i.

and let
Ai = Ur:iBj.
Then
h(La,u, A;) < €/2'F1P for each i.

If we define

r—1

v(@) =Y aimila,_pa, (@) + 1a, (@),

i=1

then
v Ag if 0<a<an,
o Aifl if Oéz'71<01§04¢,i:2,"-,7‘.
Thus,

s s
/h(Lau,Lav)p doa = /h(Lau,Ao)p do
0 0
s
< / [W(Lau, Lsu) + ¢/2' VPP doy
0
0
< 27 / h(Lau, Lsu)? da + (e/2'F1/P)P 6]
0

1)
< 4?/ | Lol da + 52
0

< /44 €P5/2 Dby (1)
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and
T

1 (e77
/ h(Lat, Lov)? da = > / h(Lau, Lov)P do
4 «@

i— i—1

1
/Z h(Lau,Ai,l)p do
Aj—1

r
i=1
r

Z/ [h(Lau, Lai_l'U) + e/21+1/p]p do
=1 Qi1

2pr [
>,
+H(e/2"P)P (0 — 0vi1))]
»S [
>,
+(e/2 PP (0 — vy
1
< 2p/ h(Lou, Lo—su)? da+ €P(1 —6)/2
5
< /4+eP(1-05)/2 by (2).

Therefore, we conclude that

IN

07

IN

h(Lau, L, )P da
1

i—

IN

h(Lat, Lo—su)?P da

7
i—1

1) 1
dp(u,v) = /0 h(Lau, Lov)P do —i—/(; h(Lou, Lov)P dow < €P.

This completes the proof. ]
Now for u € F),(R") and 0 < 6 < 1, let us denote

1) 1
op(u,9) :/ | Loul|? da—l—/ h(Lau, Lo—su)? dov.
0 6
Then Theorem 3.5 can be stated as follows by Lemma 3.7.

COROLLARY 3.8. LetU be a subset of (F,(R"),dp),1 < p < oco. Then
U s relatively compact if and only if (3.1) is true and
(3.4) Timy 0 5Dy dp(u,6) = 0.

Finally, we concern with the characterization of compact sets on
F o (R") relative to the sendograph metric D. The followings were ob-
tained by Greco [4], Zhao and Wu [12].

THEOREM 3.9. ([4]) Let U C Foo(R™). Then U is relatively compact
relative to D if and only if
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(3.5) U is uniformly support bounded, i.e., sup, gy ||u|| < oo;
(3.6) U is equi-right-continuous at 0, i.e.,

lim sup h(Lqu, Lou) = 0.
a—0 ueld

THEOREM 3.10. ([12]) Let U C Foo(R"™). Then U is relatively com-
pact relative to D if and only if U is equi-right-continuous at 0 and

(3.7) U is relatively compact relative to dy, for any 1 < p < .
The above theorem can be improved as follows;

THEOREM 3.11. Let U C Foo(R™). Then U is relatively compact
relative to D if and only if U is equi-right-continuous at 0 and

(3.8) U is uniformly p-th mean bounded for some 1 < p < oo.

Proof. The necessity follows immediately from Theorem 3.9 because
(3.5) implies that ¢ is uniformly p-th mean bounded.
To prove the sufficiency, we note that sup,g ||Laul < oo for any
0 < a <1 by Lemma 3.7. Since U is equi-right-continuous at 0, we can
choose 0 < § <1 so that

h(Lsu, Lou) < 1 for all uweU.
And then, the inequality
[ Loul| < h(Lou, Lsu) + || Lsull

implies that ¢ is uniformly support bounded. This completes the
proof.

4. Conclusions

In this paper, we established a characterization of relatively compact
subsets of fuzzy sets in R" relative to L,-metric. Also, we improved
relative compactness criteria on the space of fuzzy numbers relative to
the sendograph metric. These results will play an important role in the
further research of fuzzy analysis and fuzzy random variables.
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